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Abstract 

A space of local martingales of SLE type growth processes forms a 
representation of Virasoro algebra, but apart from a few simplest cases 
not much is known about this representation. The purpose of this article 
is to exhibit examples of representations where Lq is not diagonalizable — 
a phenomenon characteristic of logarithmic conformal field theory. Fur- 
thermore, we observe that the local martingales bear a close relation with 
the fusion product of the boundary changing fields. 

Our examples reproduce first of all many familiar logarithmic repre- 
sentations at certain rational values of the central charge. In particular 
we discuss the case of SLEk=6 describing the exploration path in critical 
percolation, and its relation with the question of operator content of the 
appropriate conformal field theory of zero central charge. In this case 
one encounters logarithms in a probabilistically transparent way, through 
conditioning on a crossing event. But we also observe that some quite 
natural SLE variants exhibit logarithmic behavior at all values of k, thus 
at all central charges and not only at specific rational values. 



1 Introduction 

Conformal invariance is without a doubt one of the most powerful concepts in the 
research of two dimensional critical phenomena. When the microscopic length- 
scale provided by a lattice is taken to zero in a model of statistical mechanics at 
its critical point, the scaHng limit is expected to be conformally invariant in a 
suitable sense. If the scaHng Hmit is understood in terms of a quantum field the- 
ory, one speaks of conformal field theory (CFT) |BPZ84[ [DFMS97j . Applying 
conformal field theory to statistical mechanics has lead to numerous great suc- 
cesses since 1980's — some of the most fundamental and best established results 
concern exact values of critical exponents, correlation functions and partition 
functions (in particular modular invariant ones on the torus). 

The way the conformal invariance assumption is exploited in conformal field 
theories is through the effect that infinitesimal local conformal transformations 
have on correlation functions of local fields. The (central extension of the) Lie 
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algebra of these infinitesimal transformations is the Virasoro algebra, and it 
seems fair to say that the representation theory of Virasoro algebra forms the 
basis of all conformal field theory. In particular, conformal field theories built 
from a finite number of irreducible highest weight representations, the so called 
minimal models, were able to explain critical exponents in many of the most 
important two dimensional models of statistical physics. 

It is nevertheless worth noting that in some applications of conformal field 
theory, minimal models were found insufficient. Among notable examples were 
percolation and polymers of different kinds |Sal871 [SR93( ICar99] . These cases of- 
ten required something called logarithmic conformal field theory (LCFT) — the 
assumption that had to be relaxed from representation theory point of view was 
that of diagonalizability of Lq, the Virasoro generator corresponding physically 
to energy |Gur93) . 

Since almost a decade now, the conformal invariance assumption has been 
exploited also in another, rather different way. The introduction of Schramm- 
Loewner evolutions (SLE) |SchOO| marked the starting point in the study of ran- 
dom curves whose probability distribution was postulated to be conformally in- 
variant. Supplemented with another natural assumption from statistical physics, 
the requirement of conformal invariance of the probability distribution is pow- 
erful enough to identify the possible random curves up to one free parameter 
K > — resulting in what is known as SLE^ . More accurately, this is true when 
one chooses boundary conditions conveniently, whereas more general boundary 
conditions require introducing variants of SLEs. The approach has been very 
fruitful for making rigorous connection with lattice models of statistical me- 
chanics. It has been proven in several cases that the law of an interface in a 
critical lattice model converges to SLE as the lattice spacing is taken to zero. 

When it comes to the necessary mathematical techniques, these new meth- 
ods differ significantly from conformal field theories. The very definition of 
SLEs does use a complex analysis technique of Loewner chains |Loe23j essen- 
tially composing infinitesimal conformal maps to describe the curve as a growth 
process. But to answer questions about the random curves, calculations mostly 
involve Ito's stochastic analysis: a crucial step in solving an SLE problem is 
often that of finding an appropriate martingale. 

Despite the differences of the paradigms of conformal field theory and Schramm- 
Loewner evolutions, there is an increasing amount of overlap. The purpose of 
the present article is to continue building a bridge between the two. The par- 
ticular example of an interplay of SLE and GET concepts relevant to us is the 
observation that local martingales of the SLE growth processes carry a repre- 
sentation of the Virasoro algebra |Kyt07| . We will study this representation in 
some detail, and in doing so show the relevance to SLEs of yet other conformal 
field theory concepts: the above mentioned logarithmic conformal field theories, 
and fusion products. Concretely, in Sections [3] and [H we will examine expHcitly 
for several variants of SLE the structure of the Virasoro representation con- 
sisting of local martingales. We will in particular find examples where Lq is 
not diagonalizable. The results suggest a very close relationship between the 
local martingales and the fusion product of the boundary condition changing 
fields of the variant. More precisely, in all the examples we observe that the 
contragredient of the fusion product can be realized as local martingales. 

In parallel with finding the structure of the Virasoro module of local martin- 
gales and comparing it with fusion products from CFT literature, we attempt to 
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interpret clearly in probabilistic terms the different SLE variants used. Particu- 
larly the case of critical percolation is well suited for both purposes, so we devote 
the whole Section [4] to this. On one hand SLE is known rigorously to describe 
the scaling limit of the exploration path in percolation |Smi01[ ICN07) . while 
on the other hand the question of the precise nature of the CFT of percolation 
has attracted a lot of attention recently |MR07t IRPOTj IRSOTj IEF06j . Despite 
definite successes such as the Cardy's crossing probability formula |Car92) , fun- 
damental questions about the conformal field theory appropriate for percolation 
have remained unsettled, notably that of the operator content of the theory. In 
rough terms the operator content of a CFT should be a class of representations 
(the fields of the theory) closed under the fusion product. We will reproduce 
as local martingales a few of the most fundamental fusions starting from the 
Cardy's boundary changing field. Furthermore, we observe that the simplest 
fusion that produces logarithmic representation appears in an SLE variant that 
has a transparent probabilistic meaning: it is obtained by conditioning on a 
crossing event. After such confirmations of the emerging picture of the operator 
content of percolation }MR07) , we speculate in Section 14.51 whether SLEs can 
be used to test another recent argument: the claimed inconsistency of adding 
certain other operators to the theory |MR08j . 

The present exercise has a few byproducts perhaps of direct interest to log- 
arithmic conformal field theory. Most obviously, contrary to the common sit- 
uation in LCFT literature where logarithms appear at specific rational values 
of the central charge, our logarithmic representations for SLEs cover the entire 
range oo < c < 1 . Section 13.41 also shows how extremely easy calculations give 
the values of logarithmic couplings, and these results agree with and extend a 
particular case of a recent proposal [MR08] made in the context of logarithmic 
minimal models. It is also possible that our rather straighforward setup may 
lend to development of alternative computational methods to study fusion in 
CFTs. 

We finish this introduction by briefiy mentioning other works relating SLEs 
and logarithmic conformal field theory. While a coherent theory of such a rela- 
tion is yet to be discovered, the question has already been investigated with a 
few different approaches. The first articles discussing SLE and LCFT in parallel 
seem to be |Ras04t [M ARR04j . More recently }SAPR09j studied geometric ques- 
tions in lattice loop models that bear a relation to both logarithmic minimal 
models and SLEs, and |CS08| used correlation functions of LCFT among other 
things to provide a formula for the probability of an SLE event involving a global 
geometric configuration of curves. A study of closed operator algebras ^MR08] 
of LCFTs also exhibits a duality somewhat suggestive of SLEs. Despite the fact 
that these few attempts start from very different points of view, they all seem 
to point towards the conclusion that the approapriate conformal field theory de- 
scription of SLEs is logarithmic. In hindsight we may observe that many of the 
statistical models that originally required abandoning minimal models in favor 
of logarithmic conformal field theory were of geometric nature |Sal871 [Car99j : 
polymers themselves or percolation clusters are objects whose global spatial con- 
figuration is the natural object of interest. In fact |SAPR09 ] seems to suggest 
as some sort of rule of thumb that treating questions of global geometric kind, 
rather that just correlations of local degrees of freedom at a distance, typically 
requires logarithms in the CFT description |SAPR09] . 
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2 Preliminaries 



The aim is to make this paper readable for different audiences, in particular 
knowledge of either SLE or CFT alone should suffice. For this reason it is 
necessary to cover briefly a variety of topics in this background section. Below 
are some suggestions about accessible literature for each of the topics covered. 
This section also serves to flx notations. 

Section 12.11 is devoted to a brief account on Schramm-Loewner evolutions 
(SLE), in particular variants known as SLEk(/3). The books and reviews iWer04[ 
ILaw05l[BBn6llKNn4j serve as comprehensive treatments of the topic and contain 
references to research articles. The Virasoro algebra and the kinds of represen- 
tations that will be needed later on are discussed in Section [221 Classical results 
stated there can be found in e.g. |Ast97j . whereas the more exotic staggered 
Virasoro modules are treated in detail in |KR09j . Finally, Section [273l reminds in 
which sense local martingales of the SLE growth process form a representation 
of Virasoro algebra, a result taken from |KytQ7| . 



2.1 Schramm-Loewner evolutions in the upper half plane 

The random curves described by the SLE growth processes are characterized by 
two properties that make them suitable to describe curves in statistical mechan- 
ics at criticality. One, the domain Markov property, is a statement about the 
conditional probability law of the curve given an initial segment of it, and it is 
often very easy to verify for curves in statistical mechanics models. The other, 
conformal invariance, is a property that is argued to emerge in the scaHng limit 
taken at the critical point. Roughly speaking these properties imply that the lo- 
cal behavior of the curve is characterized by one parameter, k > 0, while precise 
global statistics still depend on boundary conditions imposed. Since any two 
simply connected open domains (with at least two distinct boundary points) of 
the Riemann sphere are conformally equivalent, the conformal invariance prop- 
erty in particular allows us to work in a reference domain, which we take to be 
the upper half plane M = {z G C : 9m z > 0}. 



2.1.1 Chordal SLE„ in the upper half plane 

The simplest choice of boundary conditions is such that it merely ensures the 
existence of a curve from one boundary point of the domain to another. The 
corresponding SLE is known as the chordal SLE. To deflne the chordal SLE^ in 
EI from to oo consider the ordinary differential equation (Loewner's equation) 

d , , 2 

■T:9t[z) = — — — , (1) 

dt gt[z)-Xt 

with initial condition go{z) = z e H. The driving process (-'i^t)te[o,oo) is taken to 
be Xt = y/n Bt, where (i?t)tg[o,oo) is a standard normalized Brownian motion 
and K > 0. For each z e H, let be the maximal time up to which the solution 
to ^ exists with the initial condition z. The set Ht = {z e H : > i}, < > 0, 
is a simply connected open set and gt is the unique conformal map Hj ^ H with 
gtiz) = z + 0{z~^) as z — > c». We denote the Laurent expansion at infinity of 
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9t by 

OO 

5t(z) = z+^a™(t)zi-™ . (2) 

It can be shown that in this setup the Loewner's equation ^ specifies a non 
self-crossing curve 7 : [0, 00) H such that is the unbounded component of 
H\7[0,i], see (RS05]. The curve 7 is called the trace of the chordal SLE^ (in EI 
from to 00). For k < 4 it is a simple curve (non-self intersecting), for k > 4 it 
has self-intersections, and for k > 8 it visits every point of the domain |RS05| . 

For several lattice models of statistical physics, with appropriate boundary 
conditions to account for a chordal curve, the continuum limit of the law of a 
curve has been shown to be chordal SLE^ — the value of k depends on the 
particular model. For yet many others, similar results are conjectured. In 
Section [H we will make the most explicit comparisons with the CFT literature 
on percolation, which corresponds to k = 6. The precise description of the 
continuum limit result in this case will be given in Section 14.11 

2.1.2 SLEk(p) in the upper half plane 

While for many lattice models it is possible to find boundary conditions such 
that the chordal SLE is the correct scaling limit, this is by no means the general 
case. To account for somewhat more general boundary conditions, we take the 
driving process {Xt) to be a solution to the Ito stochastic differential equation 

dXt =V^dBt + K{-^logZ{Xt,gt{Yo)))dt , (3) 

where {Bt)t>o is standard Brownian motion and Z{x,y) — (x — yY^'^ is what 
we call the partition function. The processes are defined on a random time 
interval t S [0,t), where t is a stopping time. The resulting process is known 
as SLEk [p) , and it is a variant of SLE in the sense that the probability measure 
is absolutely continuous with respect to the chordal SLE^ when restricted to 
the curve up to times smaller than r. One could allow more general variants by 
letting the partition function Z depend on more points, e.g. |Kyt07| . Although 
mostly SLE„(p) is enough for us, we will once in Section [4751 replace the Z above 
by Z(a;,yi,2/2) = {x-yiY^/'^{x-y2Y^/'^{yi-y2Y^'''^^'^'^ , and get a variant which 
we call SLEk(pi, P2)- In the rest of the article we denote briefiy ^((lo) —-Yt- 

2.1.3 Examples of SLEk(p) 

Without even considering lattice models, it is easy to see that the generalization 
SLE„(p) is useful. As an obvious remark we note that with p = the partition 
function is constant Z(x,y) — 1, thus ^ logZ = 0, and SLEk(/5 = 0) is nothing 
but the chordal SLE|1| Below we will give two more interesting examples of 

^The statement of equality of chordal SLE^ and SLEre(p = 0) means that the statistics of 
the curves 7 are identical. More precisely, since SLEk(p) need not be defined for all t > 0, 
the correct interpretation is that the law of the curves should be considered up until stopping 
times up to which both are defined. There is another minor difference in the definitions. In 
SLEre{p) we have another marked point at which a boundary condition changing field is 
present. Even at p = when this has no effect on statistics of 7, we choose to keep track of 
Yt=gt{Yo). 
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SLEk(/3), which will also facilitate giving probabilistic interpretations in later 
sections. 

First, take the chordal SLE^, for k > 4, and imagine conditioning it on the 
event that the curve doesn't touch the interval [Yo,oo), a situation that has 
been considered e.g. in |Dub05| . Equivalently, the difference of the X and Y 
processes, Dt = Yt — Xt, shouldn't hit zero. The process Dt is a linear time 
change of Bessell process of dimension d = ^dJi^ Qne easily computes by Ito's 
formula that starting from Dg, the probability that \Dt\ > for all t e [0,T] is 
P[|A| > for < i < T] = G{\Do\/VT), where 

, , fn s^^'^e~^^^ ds 
s^^'^e~2^'^^ ds 

Under the conditioned probability measure P[ • ||Df| > for i € [0, T]] , the 
driving process Xt satisfies by Girsanov's formula 




where B' is a standard Brownian motion under the conditioned measure. Taking 
T ^ oo, this tends to 

dXt = V^dB't+ ~ t dt 

which is the driving process of SLEk(/9) with p — k — A. Thus indeed a simple 
conditioning of the chordal SLE^ leads to an SLEfj(p). 

As the second example, we will consider coordinate changes. Suppose we 
take an SLEk(/9') in H (in particular p' — corresponds to the chordal SLE) 
and consider a Mobius image of the curve. More precisely, take /i : H H a 
Mobius transformation of the half plane such that p{Xq) = Xq e M, ^{Yq) = oo 
and m(oo) = Yq e M. Then consider the curve 7 = /i(7) as an unparametrized 
but oriented curve starting from Xq. A standard computation (see e.g. [SW05] ) 
shows that the law of 7 is SLE„(p = k — 6 — p'). For example the chordal 
SLEk in EI whose target point is Yq instead of 00 is obtained as the above 
Mobius image (because of the conformal invariance property) , therefore it is an 
SLEk(/c = K — 6). We could also coordinate change the first example p' = k — 4. 
A chordal SLE^ from Xq to Yq conditioned not to touch (Yq, 00] is then seen to 
be an SLEk(p — —2). Interestingly for the purpose of the present paper, this 
last example will always exhibit logarithms as will be shown in Section [331 

2.2 Virasoro algebra and its representations 

The Virasoro algebra Oir is the complex Lie algebra spanned by L„, rt e Z and 
C with commutation relations 

[Ln,L,yi] — {n — m) Ln+m ^ ^n+m,Q C , [C, L„] = 0. 

In a conformal field theory the central charge c is a number characteristic of 
the theory such that C acts as cl in all the representations. We will only 
consider such representations and the value of c is determined by k via c(k) = 
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13 — 6 f — 6 - . Let U denote the universal enveloping algebra of Oir modulo 
the identification of C = cl and U the universal enveloping algebras of the 
Lie subalgebras Dir* generated by L„ with ±n > 0. These are graded hy U — 
(Bm£Z i^m, where the homogeneous component Um is has a Poincare-Birkhoff- 
Witt basis consisting of • • • i'lj^ Lq° L^^ ■ ■ ■ with X^nez = 
and similarly for . 

We fix some notation and discuss the class of representations we will consider. 
For a oir module M., let M.[rj\ be the subspace consisting of those u ^ M 
for which (Lq — vi)'^u = ior N large enough. We call M.[ri\ the generalized 
eigenspace of eigenvalue rj. 

The representations we will study can be written as direct sums of finite 
dimensional generalized Lq eigenspaces, with eigenvalues bounded from below. 
In indecomposable representations the generalized eigenvalues can only differ by 
integers, so denoting by h the lowest Lq eigenvalue and by Mm = M[h+m] we 
have M = ®m=Q M^m- We call Mm the grade to of A^. Note that L„, or indeed 
any U £ U-n, maps Mm to Mm-n- To any such module M we can associate 
the contragredient module A^* as follows. Let A^* be the vector space dual 
of the finite dimensional space Mn and define M* = ffiJ^Lo-^n) with Virasoro 
action given by (L„ v*,v) — (w*, L_„ v). To facilitate a similar formula with the 
universal enveloping algebra the anti-involution f is defined by linear extension 
of • • • Ln^y = L-nk • • • -^-ni, SO that (U'' v*,v) — (v*, Uv) for all U €11, 
V G M,v* G M*. 

2.2.1 Highest weight representations 

The most important representations for conformal field theory are highest weight 
representations. A oir module H is called a highest weight representation of 
highest weight /i G C if there exists a non-zero w € H, called a highest weight 
vector, such that Lqw = hw, L„ w = for all n > and Ti =Uw. There is a 
universally repelling object in the category of highest weight modules of fixed c 
and h, the Verma module with highest weight vector Vc,h 

Vc,h — C i-jifc • • • i-ni Vc^h ■ 

km 

0<ni<n2<---<nfc 

The universal property guarantees that for any highest weight module Ti, with 
a highest weight vector w there exists a unique surjective Dir-homomorphism 
Vc,/i H such that Vc,h w. Therefore any highest weight module is a 
quotient of the Verma module by a submodule. 

The submodule structure of Verma modules was resolved by Feigin and 
Fuchs [FF83\ IFF84| . see also |FF90| IAst97j . We will state the result below, 
emphasizing the differences in the cases when k is rational or not. Recall first 
that c is parametrized as c = c(k) = 13 — 6^ — 6^. In addition we define 
hr,sii^) = l) + ^^(s^ — 1). We point out that this parametriza- 

tion has the symmetries h-r,-s = h^^s and ^r+a.s+aK/4 = ^r,s for any a, and 
also note that hr^s + rs = hr^-s- 

The most important thing about the submodules of the Verma module 
^c{K),h is that any submodule is generated by singular vectors, eigenvectors 
w' of Lq which are annihilated by the positive generators, Lnw' — for n > 
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grade rs w' • ' '''"'^^j 



Figure 1: Suhmodule structure of Verma modules. 



(such a vector generates a highest weight submodule). Furthermore, up to mul- 
tipHcative scalar there is never more than one singular vector at a given grade. 
It can be shown that there are no other singular vectors than those proportional 
to the highest weight vector Vc,h in the Verma module Vc(k),/i unless h — hr^s(i^) 
for some r, s S Z+. In other words, Vc{K,),h can only be reducible \{ h — hr^sin). 
We will describe these reducible cases below and in and the Figure [U where the 
dots represent singular vectors and an arrow from one dot to another signifies 
the fact that the latter is contained in the submodule generated by the former. 

Irrational k: Suppose n ^ Q and h = hr.s{K) for some r,s G Z+. The choice 
of such r, s is unique when k is not rational. Then there is a singular vector w' 
in Vc(K),h at grade rs. The submodule generated by w' is the maximal proper 
submodule of Vc(k),/i and is itself an irreducible Verma module, = Vc{K.).h+rs- 

Rational k: Suppose k = 4^ with p,q G relatively prime. Suppose 
furthermore that h — hr.sin) for some r, s S Z+. It is convenient to to take r', s' 
such that h — /ir',s'('*) — hr^sin) and the product r's' > is minimal. There 
are still two structural possibilities that we name "braid" and "chain" following 
the terminology introduced in [KR09J. 

Assume that q] r and p] s,a case that we will call braid. Then we choose also 
r", s" G Z+ such that h = hr, sin) = /ir",s"(K) and r"s" > r's' is minimal among 
the remaining choices. The Verma module Vc(K),/i contains singular vectors 
w' at grade r's' and w" at grade r"s" and the maximal proper submodule is 
generated by these. The highest weight submodules generated by these singular 
vectors are themselves braid type Verma modules Uw' = Vc{K),h+r's' and Uw" = 
Vc(K),h+r"s" ■ The intersection Uw' nUw" is the maximal proper submodule in 
both'z^w'and Uw" . 

The other possibility, q \ r or p \ s, will be called chain. There is a singular 
vector w' at grade r's' and Uw' is the maximal proper submodule of Vc{K),h- 
This submodule is itself a chain type Verma module, Uw' = Vc{Kj,h+r's' ■ 

We adopt a few notational conventions for highest weight modules. Verma 
modules Vc.h were already considered above. Other highest weight modules are 
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quotients of the Verma modules. In pictures we use the convention that a black 
(filled) dot represents a non-zero singular vector whereas a white (empty) dot 
represents a singular vector that is quotiented away from the Verma module 
(we sometimes refer to this as a null vector). Arrows still represent inclusions 
between the submodules generated by the singular vectors. We denote by Q^ir.s 
the highest weight module that is the quotient of Vc{K).hr by the submodule 
generated by singular vector at leveUrs, and by WK;r,s the highest weight vector 
in Qk-v.s- In general Q^-r.s need not be irreducible (it is only if k ^ Q or if in 
the chain case rs > is minimal). We denote the irreducible highest weight 
module obtained as the quotient of Vc,h by its maximal proper submodule by 
£c,h- For notational simplicity we also often omit expHcit references to k and c. 

2.2.2 Staggered modules 

In logarithmic conformal field theories one encounters indecomposable represen- 
tations more compHcated than just highest weight representations. In particu- 
lar, the property that is responsible for the logarithms in correlation functions 
is the non-diagonalizability of Lq |Gur93) . For our purposes, staggered modules 
|Roh96| IKR09I of the kind that we describe below will be enough. We remark 
that in Sections [3] -[4] we will study concretely constructed Oir- modules, so it is 
not important for us to know beforehand when a module of certain structure ex- 
ists. Instead it is important to know which information is sufficient to uniquely 
characterize the module. The results stated below can be found in |KR09) . see 
also |Roh96j . 

Suppose TC^jTC^ are two highest weight modules of the same central charge 
c and highest weights h^,h^ and highest weight vectors w^,w^ respectively. 
We call S a staggered module with left module Ti.^ and right module Ti^ if it 
contains the former as a submodule Ti^ C S, its quotient by this submodule 
is the latter S/H^ = H^, and Lq is not diagonalizable on S. This may be 
summarized in the short exact sequence 

— yH^ — yO 

in addition to which we have the requirement of non-diagonalizability of Lq . 

The simplest case is when = h^. Then we set ^ = l{w^) and pick 
a representative ?] £ 7r^^(Cu'^) such that {Lq ~ h^)rj = ^ (possible by non- 
diagonalizability of Lq). The structure of such a staggered module is determined 
by the mere knowledge of Ti.^ and Ti^H 

A more interesting case is if ^ + £ with £ e Z+ . We can then choose 
^ = l{w^) and ^ r] £ ■7t~^{Cw^) in the generaHzed Lq eigenspace of eigenvalue 
h^. Denote {Lq — h^)r] ~ ivq £ l{H^) and assume without loss of generality 
cjQ 7^ (were this not possible, Lq would have to be diagonalizable). For n > 
we have LnOJo = Ln{Lo — h^)r] = {Lo — h^+ri)Ln'r] = 0, since L„?7 £ H^_„. What 
this means is that luq is a non-zero singular vector in i{H^), and in particular £ 
must be a grade of a singular vector in the Verma module of highest weight h^. 

^If r, s G Z-|_ there always exists a singular vector at grade rs, even if rs > is not minimal. 
^However the other direction, existence of such a staggered module for given and 
is more delicate — see |KR09] for conditions characterizing the existence. 
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We can assume a choice of 77 such that loq = xS, where 



/ ^ dni,...,nk — Til ' ' ' -^—Tih ^ ^£ 

n 1 > 712 > ■ ■ ■ > n > 1 



ni>l , Y.j nj=e 



Unhke the case = h^, here the structure of the module is in general not yet 
determined by the knowledge of left and right modules Tl^, H^. It can be shown 
that depending on the particular Ti^, the set of isomorphism classes of such 
staggered modules is an afEne subspace (possibly empty) of a vector space of 
dimension at most two |KR09) . Below we will content ourselves to state what 
is enough to identify the modules in a case that suffices for the needs of this 
paper. 

Suppose the highest weight of is ft.^ — hr^s with r, s G Z+ such that 
the grade £ = rs > the minimal at which Ti^ contains a nonzero singular 
vector. With the notation and normalizations as above, note that x^'H must be 
proportional to the highest weight vector of t-iTi.^), that is x^'v = for some 
/? g C. This (3 is invariant (independent of the choices made), and given Tl^,Tl^ 
its value is enough to determine the structure of the staggered module S. The 
value of P is known also as logarithmic coupling. 

2.3 The Virasoro module of SLE local martingales 

We now briefly recall the result of |Kyt07| by which local martingales of the 
SLE growth process form a Virasoro module. 

Let c,hx,hy g C be parameters. Consider independent formal variables 

a2, as, The differential operators on JF = C°°({(x, y) <^B? : x ^ y})[a2, 03, 04, . . .] 

given below satisfy the commutation relations of the Virasoro algebra 





Ln — 



1 



[[•••[L2,ii],...],ii],ii forn>2 



(n-2)! 



n — 2 times 




10 



l>2 mi,m2>2 ' 

mi+m2— / + 1 

+ (x^ - 802) ^ + (2^^ ^ ^"2) -g^ + 2a;ft,j; + 2yhy 



d_ 

J dai 



l>2 mi,m2>2 

mi+m2— /+2 



mi,m2,m3>2 
mi+m2+m3=l+2 



d d 

+ (x^ - 4a;a2 - 603) ^ + (2/^ - 4ya2 - Sag) — 

+ [ix^ - ^a2)hx + [iy^ - 4:a2)hy ~ ^02 



n-2)\ 



L_i,[L_i,[...,[i_i,L_ 



for n > 2. 



n — 2 times 



We remark that as Virasoro modules are graded by their Lq eigenvalues, it is 
reasonable in view of the explicit expression above to consider the variables x 
and y having degree 1 and the variable a; having degree I >2. The homogeneity 
degree of a function (p G T then simply differs from its Lq eigenvalue by h^ + hy. 

Let Lp & T and consider the stochastic process ipt = P^{Xt,Yt, 02 (i), a^{t)., ■ ■ ■) 
where Xt.Yt, a2{t), a3{t), . . . are the processes for SLE„(p) as defined in Section 
2.11 Then Ito's formula says that 

Z{Xu Yt) d(— ^i— ) = (...) dSt + {A,.,, v){XuYt, a2{t), . . .) dt , 

where Ai^-_p is the differential operator 

K 92 ^ 2 d p{p + A-h)/{2k) 
2 dx'^ y — X dy (y — x)"^ 

l>2 0<7n<l-2 ki,...kr>2 

kj —l — rn — 2 



A,._ 



imAZ{x,y) = {x-yY'''. We call Ker A«,;p C C°°({(x,?/) : x ^ y})[a2, ag, 04, . . .] 
the space of local martingales of SLEk(p), because for any ip £ Ker A^ip, the 
process ^(jy^' Yt) ^ local martingale. 

If c = c(k) = 13 - 6f - /i, = h^,2{i^) = ^ and /i, = ^^m^, 
then [L„, A^ip] = qn{x, a2, 03, . . .) Ak;p, where g„ is a polynomial multiplication 
operator. In particular the space of local martingales, Ker A^ip, is a Virasoro 
module. From now on assume that c, hx, hy are fixed in this way. 



The physical interpretation of the above representation is the action of local 
conformal transformations on the boundary changing field located at infinity. 
The key idea in finding the representation was the idea of an "SLE state" built 
by composing intertwining operators corresponding to all the boundary changes 
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on the real axis, followed by an implementation of the conformal transforma- 
tion |BB04|[K^t07l . One may therefore expect the representation to be closely 
related to the fusion product of the boundary condition changing fields, which 
is indeed what we will see in the examples. 

In the rest of the paper we will study the structure of this Virasoro module of 
local martingales for different SLE variants. In all cases, the modules Ker Ai^.p 
turn out to be essentially contragredient to the fusion products of the boundary 
changing fields. In addition to giving the results about the module Ker Ai^.p, we 
always attempt both to discuss what is known about the corresponding fusion, 
and to give a probabilistic interpretation of the SLE variant used. 

Once the question is posed this way and the SLE variant in question fixed, 
the study of the representations has become a very concretely posed problem. 
Keeping in mind generalities from representation theory, one typically needs 
to answer explicit questions such as computing graded dimensions (characters) , 
checking whether certain descendants of vectors vanish or belong to subrepre- 
sentations etc. Of course even these checks may soon become laborous. We 
have performed them with the help of a computer by implementing computa- 
tions with Virasoro algebra and the explicit differential operators L„ and Ak;p 
given above. 

3 Example modules and appearance of logarithms 
3.1 The module for chordal SLE^ 

Before starting to analyze the more complicated cases, it is worth taking a 
look at the simplest and already well understood case, the chordal SLE^. This 
doesn't yet involve fusions because the only boundary changing field on real 
axis is at the starting point of the curve. However even this simple case is quite 
interesting: for example in the case k = 6 discussed in Section [4l we will find a 
representation contragredient to the conformal family of the field ip Cardy used 
in deriving his famous crossing probability formula. 

In the case of chordal SLE^ , the partition function should be thought of as 
a constant Z = 1. The space of local martingales, that is the kernel of 

l>2 a<m<l-2 fei,...A,v>2 

has been studied in |BB03| . The differential operator preserves the space 
_^poiyn. _ 02, 03, 04, . . .] of polynomials. A clever argument allowed Bauer 
and Bernard to show that maps surjectively to !F^}^^' , where the 

homogeneous subspaces are defined as before by Lq eigenvalues. Combined with 
the observation 

dim.FP°"'"- =p(m) :-#{(fci,...,fc,„)eN" : ^jfc, =m}, 

j 

the surjectivity shows that the graded dimension of Ker A„ C J^p"^^^- coincides 
with that of Qk-i,2, namely dim (Ker = p{m) — p{m — 2). Better yet, a 
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concrete construction |BB04) shows for any chordal SLE^ that Ker is contra- 
gredient to the highest weight representation Qk;1,2- The vectors of the lowest 
Lq eigenvalue hi^2(i^) are constants, corresponding to the partition function of 
chordal SLE, Z{x) — 1. This last remark relates to the trivial observation that 
Z e Ker A^.p, or the fact that constant processes are (local) martingales. 

We will start by discussing the case of irrational k as it is the simplest in 
terms of representation theory. In this case Qk;1,2 is the irreducible highest 
weight representation of highest weight h = /ii,2(k) = Now Ker C 

is also the irreducible Qk.-i,2 — t^hi^-i with the partition function Z = 1 
as its highest weight vector, as can be seen directly from the graded dimension 
as in [ BB0 3j or as follows from the fact that an irreducible highest weight rep- 
resentation is contragredient to itself. We emphasize that the situation will be 
different in the case of rational n: when Qi^2 is a reducible highest weight repre- 
sentation, the contragredient 2 is no longer a highest weight representation. 
The particular case of k = 6 will be made explicit in Section 14.21 

3.2 Naive fusions and the appearance of logarithms 

The purpose of this paper is to exhibit logarithmic representations in the con- 
text of SLEs. The characteristic property of these representations is a nontrivial 
Jordan block structure of Lq. This is a degeneracy that can result from coinci- 
dence of conformal weights of several primary fields. This section is a discussion 
of how such coincidences appear in fusions. 

While a proper definition of fusion product of representations is quite deli- 
cate [Gab94j, there is also a somewhat naive, but very straightforward way of 
understanding fusion in CFT. This consists of saying that a primary field of 
conformal weight h occurs in the fusion product of primary fields of weights h' 
and h" if the three point function of these three fields is non-vanishingo Since 
three point functions are up to a multiplicative constant fixed by conformal in- 
variance, the question boils down seeing whether a nonzero three point function 
satisfies all other requirements — notably the null field equations (differential 
equations that one gets via Ward identities [DFMS97j ) if either of the fused 
fields has a vanishing descendant. 

For concreteness, motivated by the physical understanding of the boundary 
changing fields for SLE let us consider naively the fusion of a field of weight 
hi^2 = with a vanishing descendant at level two, and a field of weight h{p) = 
j^p{p -I- 4 — k). The three point function of these two located at x and y with 
a field of weight h at infinity would be proportional to {x — y)'»-''i.2-''(p). The 
appropriate null field equation relates immediately to SLE local martingales: it 
in fact reads A^-p ((a; — y)''~''i.2-''(p)) — q. This boils down to the following 
equation for the conformal weights 

{h - /ii,2 - Hp)) [h - - Hp) - 1) + - (/i - - Hp)) - -Hp) = o . 

(4) 

*The idea is that fusion is the short distance expansion (OPE) of two fields, and the 
presence in this expansion of any other field whose two point function is nonzero, can be 
tested by taking the correlation function of the short distance expansion with this other field. 
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The two roots correspond naively to the two conformal weights that appear in 
the fusion 

, , + %p - pn + 12 - 2hi 
= 



h- = 



4k 

p2 - - 4 + 2k 
4k 



As a degenerate candidate for producing logarithmic representations, we 
might require the above two values to coincide, — h~ . For any k we have 
a unique way of satisfying this, the choice p — In Section [Ql we will see 

that indeed the local martingales then form a simple staggered module, and 
later we'll see that at k = 8 the representation becomes one very familiar from 
the physics literature. 

But in fact the requirement of coincidence of is not the only way of getting 
coinciding weights for primary fields that arise in the fusion: a coincidence 
might happen also with some descendant In such a case we should have 

/i+ = hr^s for some r, s G Z+ and h~ = h'^ +i where ^ > is the grade at which 
the module has a singular vector (or vice versa, the roles of exchanged). 
For K ^ Q, the only possibility is £ = rs and the desired values of can each 
be obtained by a choice of p 

,1 , , Kr — 4s + K — 8 — Kr + 4s + K — 8 , 
h'^ = hr.s ^ pe{ , } 

Kr + 4s + K — Kr — 4s + K 
h =hr^s+rs ^ pe{ , 1. 

For general n and r, s the two requirements are in conflict with each other. But 
for s — 1 and any r we do obtain solutions at any k, namely p = —2 + ^{1 — r) 
(at specific values of n there may be also other solutions). We remark that 
requiring h~ = hr^s, = hr^s + i"s instead merely correspods to changing p to 
K — A — p. 

Apart from the above mentioned case /;+ ~ we will consider two of the 
simplest examples of logarithmic representations that occur at generic values of 
K. These are the cases s = 1, r = 1, 2 above. In both cases there is a logarithmic 
coupling P to be computed. In the first case of Section 13.41 the obtained value 
of P will generalize a proposed infinite series of logarithmic couplings |MR08) 
to a continuum of representations here parametrized by k. In the second case. 
Section 13.4.21 we obtain another formula very similar to such proposals and 
related conjectures (although no conjecture about this case had been presented). 
At rational values of k further computations are in principle needed to identify 
the precise structure of the representations we encounter. We will exemplify the 
phenomenon in Sections 13.61 and 14. 4[ and find again staggered modules familiar 
from the LCFT literature. 



3.3 A simple calculation for the first staggered module 

As discussed above, p = might be a good place to start looking for loga- 
rithms. It is worth mentioning that this variant was used in the first globally 
precise formulation of a duality conjecture for SLEs |Dub05| . 

^This means having a nonvanishing primary descendant to a primary field, which is not 
allowed in many conformal field theories. But in LCFT such is often unavoidable. 
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The partition function Z G Ker ^K;p^{/t-4)/2 is explicitly 

ft — 4 

Z{x,y) = (x-y)~ , 

and corresponds to the constant (local) martingale. It is straightforward to 
verify with the formulas of Section 12.31 that 



8 — K 

LnZ = for n > 0, and (Lq )Z = , 

16 

so Z generates a highest weight representation ZiZ C Ker Ak;p=(k_4)/2 of highest 
weight hz = ^j^- This weight coincides with hz = /io,i(k). If k is rational the 
corresponding Verma module is reducible (chain type) , but for k ^ Q the Verma 
module is irreducible and we readily conclude that UZ Vc(k);/io i(k)- 

The naive fusion gave the weight hz twice denenerate. This suggests we 
look not for another singular vector with Lq eigenvalue hz-, but instead for a 
"logarithmic partner to Z", that is a function A = h.(x, j/; 02, 03, . . .) that forms 
an Lq Jordan block with Z 

{Lo - hz)A = Z . 

Furthermore the requirement of it being annihilated by positive modes is in 
general expected to hold modulo the representation generated by Z . In this 
case homogeneity leaves us no other possibility but L„A = for n > which 
in view of the explicit formulas for L„ (Section 12. 3p means that A should not 
depend on Ofc, A; > 2, and should only be a function of the difference x — y. The 
obvious candidate ^ 

K{x, y) = {x - y)^ \og{x - y) 

satisfies not only the above properties, but most importantly Aj^-^pK = 0. In the 
language of stochastic processes, this is the property that 

= iog(x, - y.) 

is a local martingale for the growth process of SLEt^{p ~ '^^)- 

In view of the explicit properties above, we have the following observations 
about the structure of the representation UA C Ker ^k;p=(k-4)/2 generated by 
A. It is indecomposable and contains the highest weight module UZ, because 
(Lo — hz) A — Z. The quotient hyUZoi this module is a highest weight module 
of highest weight hz, as follows from the facts that (Lo — hz)A, Li A, L2A ^UZ. 
Therefore lAA is in any case a staggered module, with left and right modules 
having the same highest weight h^ = h^ = hz- At irrational k we readily 
conclude that the staggered module UA fits into the exact sequence 

> Vc(B),/i„ > ^A y Vc(k)^/i„_i(k) > . 

From the general theory summarized in Section [2.2.2l we know that this is enough 
to identify the staggered module UA. 
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3.4 Calculations for staggered modules with h}" ^ 
3.4.1 The simplest case 

If the highest weights of the left and right module of a staggered module are 
different, the exact sequence alone is not enough to characterize the module (in 
general). The simplest such case is perhaps when the left module has weight 
hi, I = and there is a logarithmic partner to a nonvanishing singular vector at 
grade one. In the discussion we identified p = — 2 as the choice for which the 
naive fusion gives highest weights /i+ = and — 1. 
Indeed, the partition function 

Z{x,y) = (a; - y)~i 

generates a highest weight representation ZiZ of highest weight hz — ~ 
as follows once we check 

LnZ ^0 for n > 0, and (Lq -Q)Z ^0 . 

Typically, a highest weight representation with h — hi^i = in conformal field 
theory would only arise as the vacuum representation. While the Verma module 
has a singular vector at grade one, there are several arguments saying that there 
is none in the vacuum module: requirement of unitarity alone would suffice, but 
even relaxing that the translation invariance of the vacuum should imply the 
impossibility of grade one singular vector. But in logarithmic conformal field 
theory, the left modules of staggered modules must sometimes contain nonzero 
singular vectors, and indeed in the present case we compute that 

K 

is such a nonzero (if k 7^ 4) singular vector, at grade one in UZ. The Lq 
eigenvalue of this singular vector, hz + I — I was the other highest weight h~ 
we got from the naive computation of fusion in Section [3?2l This again suggests 
looking for a logarithmic partner, now for L_iZ. Let A{x,y; a2, as, . . .) denote 
the function we are looking for. It should form a Lq Jordan block with 

(Lo-l)A = i-iZ 

and positive modes acting on it should give something in the highest weight 
submodule UZ. By considerations of grades, LiA Z and L„A = for n > 2. 
The latter implies no dependence on 02, 03, . . . again. A possible solution to all 
the equations so far would be 

- — - (a; - yy~^ log(a; ~ y) + b {x - y)~i {x + y) + a [x ~ y)^" - 

although the last term, being already mU Z will affect none of our computations 
and can be omitted immediately. Now in general, dividing this by Z will not 
give a local martingale of SLE„(p = —2) — we see that Af^.^pK vanishes only if 
b = , so we define 

Kx,y)^ [x-y) « log(x - y) + — — (x - y) [x + y) . 



16 



For irrational k the highest weight modules U Z and UK/UZ o{ respective highest 
weights = hi^i and 1 = ft-i.-i must both be Verma modules, so the staggered 
module UK C Ker Ai^.^p^^2 has the exact sequence 

V,(„),o ^Uk~^ V,(«)4 . 

The invariant, logarithmic coupling, is then determined by computing LiA = 
(1 - f ) Z, which gives (3 =1- j. 

It is interesting to compare with the study of a consistent operator algebra for 
logarithmic CFTs at central charges corresponding to k/4 = p = 3, 5, 7, . . ., 
|MR08) . In that article the authors propose an operator content of CFT, that 
would be closed under fusion products. Based on several computations of fusion 
products, the authors obtained that a staggered module with /i^ = 0, /i^ = 1 
and our value (3 — — of the logarithmic coupling should be present for all p. 
Admittedly, at these rational values of k we haven't yet determined the precise 
left and right modules, but the value of our invariant (3 here provides both an 
interpolation and extrapolation of the proposal. Here it is moreover obtained 
by just a few Hues of calculations instead of the use of a compHcated algorithm 
|Gab94) needed to compute the structure of fusion product representations. 



3.4.2 The next example in order of difficulty 

Among the examples proposed in Section [321 = ^r-,i, the case r = 1 consid- 
ered above is a lot easier than the others. In order to show briefly that other 
cases are by no means untractable, we record the results of the next one here. 

We take p = , corresponding to r = 2. The partition function Z{x, y) — 
{x — generates a highest weight representation of weight hz = 

3k — 8 

LnZ = for n > 0, and (Lq 77^)^ = . 

16 

The representation has a non-zero singular vector of conformal weight /i2,i +2, 

4 2k'' 
The logarithmic partner that is annihilated by ^k;p=-(k+4)/2 can be chosen as 

A. X ('«-4)(k-2)(k + 4) /, ,3^, , , 
A{x,y) =^ -[(^-y) log(x-2/) 

-^^4 4k x^ - (4k + K^) ' 



. 4Ka; — 4K + K w \ 



and with this normalization we have 

3k + 24 K 
{Lo 1^)^ = (^^1 - 4^-2)^ . LnA e UZ for n > 0. 

Finally we compute (i^- ■|L2)A = PZ with f3 = - j^(k-4)(k-2)(k + 4), which 
is a formula very similar to the conjectured and proposed values of logarithmic 
couplings in 

^The corresponding fusion wasn't studied in the article. In a private communication David 
Ridout confirmed that it can nevertheless be treated with the same methods and that the 
values of /3 agree with the one found here. 
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3.5 A remark on contragredients 

Before going on to other examples, which we will compare with fusion product 
representation^ denoted in what follows by M, we pause briefly to comment 
on what we believe in general to be the relation between local martingales and 
fusions. We will often find that local martingales fall into representations that 
coincide with the fusion product representation. This is not quite the exact 
statement that we'd like to make, though. Already the example of chordal 
SLEk in Sections 13.11 and 14.21 as well as the one of Section 14.31 indicate that 
local martingales form not the fusion product module of all boundary changing 
fields, but rather its contragredient. 

In this light, any observed coincidence of certain fusion product and the 
space of local martingales should be supplemented by the fact that the module 
in question is contragredient to itselfH Here we will check that this is the case 
with the examples above at irrational k, and in later examples we will content 
ourselves to remark what needs to be changed in the arguments. 

For the case of Section [3731 we choose from the dual of (Z^A)[;j^] = CZ© CA 
two elements ^*,r]* such that (^*, A) = 1 = {v* , Z) and {C,Z) ^0= (ry*,A). 
Now by the formula defining contragredients, {{Lq — hz)ri*,K) — (^ri*,{Lo — 
hz)h) = {-q* ^Z) = 1 whereas all other pairings of (Lq — hz)rj* and (io — hz)C 
with Z and A vanish. Therefore (Lq — hz)r/* = £,* and {Lg — hz)£,* — 0. By 
an obvious consideration of grades, positive generators must annihilate both 
vectors, L„^* = = LnVi* for n > 0. Thus US^* is a highest weight module of 
highest weight hz = /io,i(k), at irrational k therefore the Verma module. The 
same applies to Uif /US,*. By observing that the graded dimensions oiUA and 
Urf must now be equal, the full contragredient module (UA)* is seen to be a 
staggered module with the exact sequence 

— ' Vc(K)jio,i(K) — ' (WA)* — > Vc(n),ho.i{i^} — ' , 

which in this case identifies the module, and proves that UA = iUA)* . 

For the case of Section 13.41 one proceeds very similarly. Choose ^* in the 
one-dimensional space {UA)*^-^ such that = 1. This S* then generates a 

highest weight submodule iY^* of the contragredient (UA)*, with highest weight 
0. Now L^iS* doesn't couple to the singular vector L-iZ, but still it is nonzero 
because (L_ie,A) = {C,LiA) ^(3^0 (when k ^ 4). We can therefore 
choose a vector rf e (Z^A)j'^j that together with i-i^* spans the grade 1 of 
the contragredient, for example normalized by (77*, aA + 6L_iZ) — bf3. With 
{{Lq - l)r]*,aA + bL_iZ) = (rf ,aL^iZ) = afi we see that (Lq - 1)t]* = 
L^iS* ■ A final reference to the graded dimension shows that for k ^ Q the 
contragredient iUA)* is a staggered module with the same exact sequence 

V,(«),o {UAY ^ Ve(.).i ^ 

''Constructing a representation of Virasoro algebra associated to a fusion (more precisely, to 
two representations to be fused) as described in |Gab94j . is a much more satisfactory definition 
of fusion in CFT than the naive connsiderations of Section [3T2I We shall not go to the details 
of this construction, but merely compare our results with fusion products computed in the 
literature. 

*This is analogous to the phenomenon with chordal SLE with irrational k where we had 
Ker A, S S* ^ ^ Qi,2 = /^hi^^ W • 
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and its invariant (Li?7*,Z) = (rf ^L^\Z^ = is the same, so {UK)* = UK 
again. 

Since our main concern is local martingales we will mostly omit detailed 
discussions about contragredients in what follows. 

3.6 Specializations to c = — 2 

The conformal field theories of central charge c = — 2 are perhaps the most 
studied examples of logarithmic conformal field theory, indeed already discussed 
in the article that introduced the concept of logarithmic operators |Gur93j . The 
merits of c = —2 are at least partly explained by the fact that all reducible Verma 
modules are of the chain type, but also the existence of free fermionic theories 
(symplectic fermions [KauOOj l has helped to explore this case. 

We will therefore compare the results of the previous sections to the CFT 
literature, by choosing appropriate values of n of course. Below we specialize 
the first two examples to k = 8 and observe coincidence with known results 
from fusion products. 

We also mention that the chordal SLEk=8 has been shown to be the contin- 
uum limit of uniform spanning tree Peano curve |LSW04j . which is a discrete 
curve passing through all lattice points while surrounding the (uniformly chosen 
random spanning) tree. It could have a physical interpretation as a single space 
filling polymer. 

3.6.1 The module of Section [HI at k = 8 

From the literature of fusion products in CFT, the simplest way to produce 
a logarithmic representation through fusions seems to be to consider c = — 2 
and the fusion of two Qk=8;1,2 = >Cc=-2;/i=-i representations |GK96l [Gur93| . 
Fortunately for us, the field at the tip of the SLE^^s trace has weight hi^2{K = 
8) = — |, and if we take p — 2 — as in Section [Ql the field at the marked 
point has the same weight. 

We have already seen that A generates a staggered module U K C Ker ^k=8;p=(k-4) /2 
of local martingales, with the left module generated by the partition function Z 

— yUZ — yUK — >{UK)/{UZ) — > . 

To decide the structures of the left and right modules, it suffices to compute 
the following graded dimensions merely up to grade three (with the help of a 
computer the task is easy so we checked it up to grade six) 

XuK{q) = ^ (dim (Z^A)[„,])g™ 

m>0 

= 2 + + + 3(?^ + Qq"- + 7q^ + I2q^ + ■■■ and 
Xuz{q) = J2 (dim (WZ)[„])9" 

■m>0 

= l + q^ + q^ + 2q^ + 2q^ + Aq^ + ■ ■ ■ ^ XQ^Ai) ■ 

These imply that the left module is irreducibl^ W Z = £h=o — Qi.i-, and that 
the quotient U K/U Z, which is a highest weight module, has graded dimension 

^In this case the computation of the structure oiU Z is still easy to do by hand, and we 
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(a) (b) 

Figure 2: (a) Local martingales of SLEk=s{p = 2) form a simple staggered 
module which coincides with the fusion Qi,2 Kl Qi,2. (b) For SLEk.=8{p — —2) 
we have another staggered module. It now coincides with the fusion Qi_2 ^ 22,2- 
We point out that to identify the module in this picture, we had to determine 
also the value of an invariant (3. 



Xu a{<i) — Xu z (q) — XQi ail)- In another words the structure oiU A can be read 
from the exact sequence 

^ Qk=8;1.1 -^UA^ Q.=8;1,3 ^ 

or pictorially from Figure [2lja) . Therefore, the module UA C Ker v4k=8;p=2 is 
indeed isomorphic to the fusion Qk=8:1,2 K1 Qk=8;1,2 computed in |GK96| . 

As in Section 13.51 it is easy to show that this module is contragredient 
to itself: indeed the only thing that has to be added to the argument is the 
observation that now i-i^* = but L^irj* ^ 0, after which graded dimensions 
imply U^* ^ Qi.i = UZ and Ur]*/U^* = Qi_3 = UA/UZ. In conclusion, we 
have 

(Q«=8;l,2KQ.=8;l,2)*=Z^A 

SO we have found local martingales that form a module contragredient to the 
appropriate fusion product. 

A probabilistic interpretation of the SLE variant used here is also readily 
available. Indeed, it has been proved that chorda! SLE„=8 is the the scaHng 
limit of uniform spanning tree Peano curve [LSW04J. But the chordal SLE in H 

present an alternative argument that was also important for |KK06j . The check that the 
partition function Z{x,y) = (x — y)^!'^ of SLEk=8(p = 2) generates a highest weight module 
of weight h. = is done as usual by computing -L„Z = for n > and (Lo — 0)Z = with 
the formulas of Section 12.31 Then we observe a coincidence atK = 8ofp = 2= -i^^ and 
p = K — 6, so the partition function is in fact also Z(x^ y) = {x — . Now doing the easy 

computation 

L.iZ(x,y) = ((x2-3a2)^ + (s/2-3a2)^+2/ii,2(a; + 2/)){a;-s,)-2''i,2 = q, 
V ax ay ' 

and recalling that the Verma module Vc=_2;h=o maximal submodule generated by 
L_i i)j,__2;h=0i we readily conclude that U Z is irreducible. 
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from Xo to Iq (obtained by a Mobius coordinate change from the one towards 
infinity, Section 12.1.2^ is an SLE^ {p — k — 6). Therefore the variant considered 
above is nothing but the scaHng Hmit of a uniform spanning tree Peano curve, 
in H from Xq to Yq- The fact that Yq now is the endpoint of the curve also 
explains the coincidence of weights of the two fields, = hy = hi^2- 

3.6.2 Module of Section [m at k = 8 

A fusion that is almost as simple as the above is Qk=8;1.2 ^ Qk=8;2,2 |GK96j . 
The weights of the fields to be fused are those of Section [sUl — hi^2 — -g- 
and hy — /i2,2 — |, so we already know that there's a staggered module of 
local martingales of SLEk=8(/3 — —2). Because the Verma modules of weights 
= ~ /il l and — 1 — h2.i are of chain type, we still need to identify the 
left and right modules, which is easiest done by calculations of graded dimensions 

XUAiq) = E (d™ ("A)m)9'" 

m>0 

= l + 2q + 3q^ + iq^ + 7q* + lOq^ + Uq^ + ■■■ 
Xuz{q) - (d™ 

m>0 

= l + lq + 2q^ + 2q^ + Aq^ + Sg^ + Sg^ + • • • 
from which we conclude that UK d Ker Ak=8;p=-2 has the exact sequence 

Qk=8;1.3 -^UK^ Qk=8;1,5 ^ . 

Both the left and right modules and the invariant /? = — 1 (computed in Section 
13. 4p again agree with results of the fusion products |GK96) , and the module is 
contragredient to itself. Figure [HJb) illustrates the structure. 

4 Fusions in percolation with SLEg variants 

In this section we consider in some more detail the case k = 6, which is related 
to critical percolation. When explicit reference to k is omitted in the rest of the 
section, this is the value meant. 

Before turning to our concrete examples in this case, we recall a few particu- 
lar features of the conformal field theory approaches to percolation. First, it has 
been accepted for a long time that critical percolation should be described by 
a conformal field theory of central charge c — Q. Indeed, one definite success of 
conformal field theories was Cardy's exact formula for the crossing probability 
of a conformal quadrilateral, derived originally from CFT |Car92j . immediately 
supported by numerical evidence [LPPSA92j and later proved rigorously for tri- 
angular lattice site percolation |Smi01| . On the other hand, the c = minimal 
model would be a trivial theory containing nothing but the identity operator, 
and as such clearly inadequate. There are no obvious alternative candidates, 
and for this reason the question of operator content of percolation has received 
quite a lot of attention recently |MR07t [RPOTj IEF06| [RSOT] . We will keep these 
recent studies in mind while exploring the modules of local martingales and 
their relation to fusion products. 
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(a) (b) 



Figure 3: (a) The sites of triangular lattice are the centers of the faces of 
hexagonal lattice, (b) The exploration path of percolation separates a "black" 
cluster from a "white" one. Boundary conditions are "black" on the left and 
"white" on the right. 



First, to make precise in which sense SLEk=6 describes percolation, the 
discrete site percolation model and result about the scaHng Hmit is recalled 
in Section 14.11 Having the discrete case in mind allows to interpret the SLE 
variants in terms of percolation events, which also facilitates comparisons to 
CFT literature. 

We will argue that the module Ker A for ordinary chordal SLE reflects the 
boundary field of Cardy's crossing probability argument, in Section IT2l and for 
that we exhibit more carefully the degeneracies that even this simplest variant 
has at rational values. A very simple fusion without logarithms is considered in 
Section 14.31 again in some detail. There the lesson to take home is that in the 
space of local martingales, not all null field conditions have yet been taken into 
account, only the one corresponding to the field at the tip of the curve. Section 
14.41 exhibits the simplest way to produce logarithms in percolation CFT. The 
variant used admits a crossing event interpretation, and the module of local 
martingales is once again in agreement with CFT fusion prediction. The final 
example of Section [4751 is of somewhat speculative nature: we consider a variant 
of SLEk=6 whose local martingales form a module that has been argued to be 
inconsistent with the percolation CFT, and discuss whether the variant could 
be made appear in a natural probabilistic setting in percolation. 

4.1 The percolation exploration path 

A configuration of site percolation on the infinite triangular lattice T is cr G 
{—1, +1}"^ which is interpreted as a coloring of sites z ^ T as black (ctz — — 1) 
or white (ctz = +1). It is convenient to think of the sites of the triangular lattice 
as the faces of the dual, hexagonal lattice H, see Figure [Slja). For p e [0, 1] the 
percolation measure with parameter p is the Bernoulli probability measure with 
parameter p on the space of configurations { — 1, +1}-^, that is we choose the color 
of each site (hexagon) independently to be white with probability p and black 
with probability 1—p. We consider the model at its critical point p = Pc = 1/2. 

The continuum limit corresponds to taking the lattice spacing to zero. Con- 
sider therefore the triangular lattice with lattice spacing 6, denoted by 6T. Let 

C ST he a lattice domain, simply connected in the lattice sense and such 
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that the lattice boundary dD^ , consisting of sites adjacent to those of the the 
domain, is a simple latti ce pa th. We im agine splitting the boundary dD^ to two 
complementary subarcs b^a^ and a^h^ , where and are lattice edges {b^ can 
be allowed to be at infinity). Consider the percolation configuration restricted 
to and extended by black on b^a^ and white on a^b^ . The exploration path 
of percolation in from to 6* is the maximal dual lattice path 7"^ starting 
from such that each edge of 7"^ is adjacent to one black and one white site of 
the above configuration. Figure O^b) portrays a percolation configuration and 
the beginning of the corresponding exploration path in = H n 5T with at 
infinity. 

At the critical point, these random paths have a Hmit for example in the 
sense of weak convergence of the probability laws on the space of unparametrized 
paths with the metric 

dil^,!"^) = inf . sup \^\s) - is)\ . 

parametnzations g(z\Q i] 
7^' =73 [0,1] 

Let 13 be a Jordan domain (simply connected bounded open set of the plane 
whose boundary is a simple closed curve) with two distinct boundary points 
a, 6 e dD. In l iSmiOlj ICN07j it is shown that if one approximates (U, a, b) in a 
suitable sense by lattice domains {D^ ,b^), then the laws of the exploration 
paths 7'' of critical percolation in from to 6* converge to the image foil) 
of chordal SLEg trace 7 in H under any conformal map /d : H ^ 13 such that 
/i?(0) = a, /i5M=6. 

The convergence results for exploration path have proved powerful. They 
have so far been used at least to the mathematical treatments of critical expo- 
nents jSWOlj . one-arm exponent |LSW02) . Watts' crossing formula |Dub06) and 
surrounding probabilities [SchOlj . 

4.2 Chordal SLEg and Cardy's boundary field 

The result described above allows us to interpret the chordal SLE^^g as the 
scaling limit of the exploration path as in Figure [3l[b) . 

We have already considered the module of local martingales in the case of 
chordal SLE^, which for irrational k was an irreducible highest weight module 
with highest weight vector Z = 1. As mentioned in Section [SH], in general we 
have Ker A^, = Qi,2- Below we take a closer look at k = 6 to illustrate the 
degeneracies that occur at rational values of n. There is another important 
reason to discuss this case: this simple variant which doesn't yet involve fusions 
will still teach us something, it will exhibit a representation contragredient to 
the conformal family of the boundary condition changing field used by Cardy 
in the derivation of the crossing probability formula. 

In our case k = 6, /ii,2 = = hi^i and Qi^2 contains a non-zero singular vec- 
tor at level 1, L_i 101^2 7^ 0. At level 2 there is a null vector, (L^j^ — | L_2) wi,2 = 
0. These properties correspond exactly to what one has to assume of Cardy's 
boundary changing field -0 (see |MR07) ). It should be a primary field with 
weight /i = and have a null descendant at level two (leading to a second order 
differential equation for correlation functions) , but it should not be the identity, 
L-i wi^2 7^ so that -0 is not translation invariant (Cardy's crossing probability 
formula is non-constant!). 



23 



As Qi^2 is reducible at k = 6, its contragredient Ql 2 is not a highest weight 
representation. The contragredient contains a subrepresentation isomorphic to 
the irreducible module Ch=o =U C Q* 2 generated hy wl 2 & {Ql 2)0 such 
that (w*2,'i«i,2) = 1 (in this case Ch=o happens to be one dimensional). The 
full contragredient module is generated by a sub-singular vectoi0 ^* G {Ql 2)1 
that has a nonzero value on the singular vector, (^*, L_i u;i^2) = 1- We have 
Qi.2/^h=o — C.h=i, or in other words 

— > C.h=a — > Qi,2 — * C.h=\ — * , 

but of course Q* 2 is not a staggered module: Lq is still diagonalizable! 

To see Q,\ 2 arise as module of SLE local martingales is very easy: the one 
dimensional module £/i=o is generated by the partition function Z = \. To 
verify that U Z is the irreducible highest weight module we only check 

L2 Z = Li Z = Lq Z = L—i Z = L—2 Z = , 

The function representing ^* is S(a;, 02, as, . . .) = x, and the fact that S g Ker A 
is just the observation that Xt = VQ Bt is a (local) martingale. By the above 
general arguments we expect that {U'^)/{UZ) = Ch=i- After verifying that 
Li S = 1 = Z, L2 S = and (Lo — 1) 2 0, i.e. that S becomes singular in 
the quotient, there are several ways to determine the expHcit structure of the 
quotient (ZYS) by {U Z), which must now be a highest weight module. The 
result is expected, {iU'B)/(UZ) = Ch=i, which is most concretely verified by 
showing (with the help of a computer) that there are null vectors at the levels 
4 and 6 (note that h ~ 1 = hi_4 ~ hz,2) 



Xl,4 



Xi,4S = and X3,2 = , where 

= iil- ^i_2i-l+4L^2+4i_3i-l-4L- 



X3.2 = - 14 L^2L\ + ^ L\L\ ^ Lt, 



. 40 208 n o 

+ 14 L_3i-i - y L_3i-2i-i - — i'_3 - 48 L^^LI, 

688 ^ ^ 88 ^ ^ 80 ^ 

H ^ + y J^-5i^-l + y • 

The same conclusion is obtained slightly less explicitly by computing the number 
of linearly independent functions among L_„j • • • L^n^ S, with ni > "2 > • • • > 
rijn > and J2j''^j = k > 0. Since Uk+i Z = {0}, this gives the graded 
dimension of {U S) / {U Z) 

xu-siq) = (^s)[i+fei) 1'' 

k>0 

= l + q + 2q^ + 3q^ + Aq* + Gq'^ + 8q^ + ■ ■ ■ 

= p(0) + pil)q + p(2)g2 ^ ^(3)^3 ^ (p(4) _ p(o))^4 

+ (p(5) - p(l))g5 + (p(6) - p(2) - p(G))g6 + . . . . 



^"We use the term sub-singular here to describe a vector that is a representative of a singular 
vector in a quotient by submodule, here in Q* ^1 ^h=<d- 
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5 = /tl,6 

7 = 



Figure 4: Cardy's boundary changing field generates a conformal family iso- 
morphic to Qi,2- The chordal SLEi^^q local martingales form the contragredient 
module Ql 2 ■ 



Yet an alternative argument for which no further calculations are needed relies 
on the character identity XCH=o^q) + Q XCu=A(l) = (1 - ff) ]XjLoO^ - = 
XQi,2(9)- From it we read that if {UE)/{U Z) is irreducible, the graded dimen- 
sion of S is that of Ker A C jPP°iy"- (for which we use the result of (BB"03]). If 
Xi,i S or X3_2 2 would not belong tolA Z so that the quotient would be reducible, 
the dimensions would be too large. The structure of the modules is visualized 
in Figure m 

This case of chordal SLE^ is well understood and not new. But at k = 6 
we've seen that it is related to Cardy's field ip and can be thought of a concrete 
verification that the representation Qi,2 appears in percolation. It has been un- 
derstood already before that Cardy's field ip is the boundary condition changing 
field that changes between fixed black and fixed white boundary conditions, as 
Figure [3ljb) also illustrates. 

4,3 SLE6(0) and fusion of two Cardy's fields 

After arguing the existence of Qi,2, if the CFT is to be closed under fusion, a 
natural thing to do is to proceed by taking fusion products of this representation 
as in |MR07j . As a first step one considers Qi_2 Kl Qi,2, the result of which is 
01 1 |MR,07l[EF06l[RS07l[RPn7] . 

To study this fusion, we will find an SLE variant where another boundary 
changing field V is present in addition to that at Xq. In fact, the endpoint 
(above chosen to be 00) of the curve plays the same role in boundary conditions 
as the starting point Xq and thus in a chordal SLE from Xq = to Yq ^ the 
boundary changing fields on the real axis should provide the two modules we 
want to fuse. The chordal SLE towards Yq is obtained by a coordinate change as 
discussed in Section r2. 1.21 cind is in general an SLEk(p) with p — k — 6. In our 
case K = 6 and p = so again the partition function is Z — 1 and statistics of 
the driving process are not affected (up to times until which the variant SLE6(0) 
is defined). Actually, this curiosity is easily interpreted probabilistically: it is a 
special case of a property known as the locality of SLEg. Notice that whether 
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the exploration path takes a left or right turn is determined by the color of 
hexagon in front of the path, which is chosen independently of other colors. 
Thus the statistics of the path (up to the time it reaches the changed part of 
the boundary) is not affected by whether the boundary colors change at oo or 
Yo. 

4.3.1 Local martingales for SLE6(0) 

We now consider the process SLE6(0) and the functions ip{x,y,a2,a^, . . .) such 
that ^ (p{Xt,gt{Yo), a2{t), . . .) are local martingales. If ip doesn't depend on y 
the question reduces to the one in Section [SHJ In particular the representations 
found there are contained in Ker Ap=o ■ 

Since the fusion Qi_2 ^ Q1.2 splits into a direct sum of representations where 
Lq eigenvalues are in + N and 5 + F^, the contragredient splits accordingly. We 
start by discussing the former part, Ql i- In Section [3TT] we have already found 
Z and S such that Ch=o = U Z CUE C Ker A. In Qi^i there's a non-zero 
singular vector at level 2 and in Q*^ one correspondingly has a sub-singular 
vector 0* € {Ql 1)2- This generates the full representation U 9* — Ql ^ and 
the quotient is {U 9*)/{U wl i) = Ch=2- With a little imagination or familiarity 
with Bessel processes, one finds the corresponding local martingale for SLE, 
l{Xt - Yt)'^ - a2{t). Denote e(a;,y, 02,03, ...) = i(a; - - 02 e J^. One 
explicitly checks that 

LiG^O L2e = l = Z (io- 2)9 = 

so that {U Z) is a highest weight module of weight h = 2 = h^^i = /ii^s 

and 

(L^i - 6 L_2i-i + 6 L_3) 9 = 

(i-i — ■^L^2L^-i + -^^-2-^-1 + -^^-3^-1 

256 ^ ^ 104 , , 208 ^ . ^ 

— ^i-3i-2 - —L^iL^i + —L-5) 9 = 

so that there are null vectors at levels 3 and 5. We conclude that the module 
U Q is indeed isomorphic to Q| 1. 

The other summand in the Qi^2 ^ Qi,2 should have Lq eigenvalues in ^ +N. 
It is known in general |BBK05[ |Kyt07| that the partition function of another 
double SLE, Z = {x - y)^i.3-2'ii,2 = Zp=2, provides a local martingale Z/Z for 
SLE„(k — 6). In our case k = 6 this means Z = {x — yY^^. Indeed Ap^o Z = 
and we compute 

LiZ = L2Z = {Lo-t)Z^O 

3 

to see that U Z C Ker Ap=o is a highest weight module of weight h = ^ — 3. 
To check its irreducibihty one verifies 

(i'-i - ^i-2i-i + ^ = . 

This is enough since weight hi^s corresponds to a chain type Verma module, 
whose maximal proper submodule is generated by the grade 3 singular vector. 
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4.3.2 Comparison of the fusion and local martingales 

We may conclude that 8 and Z generate the local martingales that one expects 
from the fusion Qi^2 ^ Qi.i 

Ker Ap^o ^ + = Q\^^ ® £*^i/3 - (Qi,2 ^ Qi,2)* - 

However, it seems fair to ask why the leftmost inclusion is not an equality. For 
example the local martingale S (and much of the module U S generated by it) 
does not appear in the contragredient of the fusion product. So in fact U 6 
is naturally included in a larger module U Q + UE C Ker A. An analogous 
phenomenon happens with the other part of the direct sum. One may check 
that T(x, y, a2, a^, . . .) = (x - y^^^i^x^ + ^x^y + fxy^ - 03) is in Ker Ap^o. 
Furthermore, 

LiT = {-^L\ + ^L^2)Z e UZ , L2T = 

(Lo-y)T = 

and L3 T = Z, so we have £^=1/3 ^ U Z C U T . Since T ^ U Z (one checks that 
dim (C T + Z^3 Z) = 3 > 2 = dim U3 Z) and L^T eUZ for n > 0, the quotient 
{UT)/{U Z) is a highest weight module of weight h — ^ ^ hi-i + 3 = ft-i^g- 
Thus also U Z \B naturally contained in a larger module. 

To understand why the space of local martingales, Ker Ap^o, is larger than 
the fusion that we attempted to study, we should take a look back at the con- 
structions |Kyt07| which showed that Ker Ap=o is a Virasoro module. One 
notices that there is no need to make any assumptions of the field located at 
y except that it is a primary field of the correct weight. In particular the null 
field condition that would be satisfied if the field was -i/"; corresponding to Qi,2, 
is not used. We thus expect Ker Ap^Q to rather refiect the fusion Q1.2 Kl Vh=a 
than Qi,2 ^ Qi,2- 

The constructions |KytQ7| do also provide a probabiHstic interpretation of 
guaranteeing the desired null vector condition for the field at y. This consists of 
studying a double SLE (a particular case of multiple SLEs fBBKOS]) with the 
same partition function Z = {x — 7^)^2/11,2 — \ T^Yie local martingales for this 
process form a smaller module Ker Ap=o H Ker A'^ p^^ where A^ is in fact the 
generator of the chordal SLE in the reverse direction^ ^1. from y to x 

^ 2 9j/2 X — y dx {x ~ y)"^ 

-E( E E -.--)^- 

l>2 0<m<l-2 ki....kr>2 

0<r<l '-\-'^ \ ^k,=l-ni-2 

Indeed, A^ Z = A^ Q = hut A^ E = 2 {x - y)-^ 7^ and T = f (a; - 
y)^/"^ ^ 0. The unexpected local martingales don't appear in the double SLE. 

^^We point out that the intersection Ker Ai^-^p—^-^ n Ker k.;p=k-6 has been used to 
obtain non-trivial evidence of the surprisingly subtle question of the reversibility of chordal 
SLE trace [KK06l[Kyt06l . 
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Figure 5: The function Z generates the irreducible highest weight module 
~ >C/i=i/3, the structure of which is portrayed on the left. It is how- 
ever also contained in a larger module generated by T (portrayed on the right). 
The larger module is not contained in the fusion Qi^2 Q12 (see main text), 
so we haven't examined the precise structure of it. 



We conjecture that in general 

Ker^„;p=^_6 n Ker A^^.,p^^^6 = (Qk;1,2 ^ Q«;i,2)* , 

since null field conditions of both fused parts are taken into account in the 
double SLE local martingales. 

4.4 SLE6(— 2) and logarithms through fusion 

4.4.1 The simplest fusion to produce logarithms in percolation 

The space of local martingales for a correctly chosen SLE variant turned out 
to be appropriate for the fusion of two Cardy's fields ip. Of course requiring 
the fields to form a space that is closed under fusion one should take that 
result, and further fuse it with the other fields we have already found. The next 
step in this direction is important as it will show that the CFT of percolation 
necessarily contains logarithmic operators. As in jMRQ?] we next address the 
fusion Qi,2 ^ ^h=i/3, the result of which is a staggered module S with left and 
right highest weight modules Qi^2 and Qia respectively, i.e. 

— > Qi,2 -^S ^ Qi,4 . 

The representation is characterized by giving the invariant /? defined in Section 
12. From |MRQ7| we quote the value /3 = — i. For later comparison, the 
graded dimension is 

Xsiq) - Y.^dim S[k]) q'' = J2 (2i.2)fe + dim iQiA)k-i) q'' 

fc>0 fc>0 

= 1 + 2g + + 49^ + 6g'' + + I2q^ + llq' + 23g^ + • • • . 

iSpQj. reasons not very well understood before, in this case the invariant turns out to have 
only one possible value, see [MROSlfKROgj . 
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4.4.2 An SLE variant that describes a crossing event 

We'd again like to find a probabilistic setup for studying the fusion Qi,2 ^ 
Ch=i/3- The starting point of the SLE curve (or exploration path) provides the 
field ip corresponding to Qi^2 and at another point we should have a primary 
field of conformal weight h — 1/3. In SLEk(/3) the boundary change at Yq is a 
primary with weight h{p) = so we should choose p = — 2 or p = 4. 

Luckily, the case p = —2 has already been studied in Section [Ql and even the 
probabilistic interpretation has been discussed in Section 12.1.21 we know that 
it describes an ordinary chordal SLE„ from Xq to Yq in H, conditioned to reach 
the endpoint Yq without touching the interval {Yq,oo). 

In view of the discrete definition of the percolation exploration process, the 
event on which we condition can be made more transparent. The complemen- 
tary event that the exploration path would reach {Yo,oo) before Yq means the 
existence of a connected white cluster that joins {Xq^Yq) to (Yq^co) — indeed 
the hexagons that are immediately on the right of the exploration path belong 
to such a cluster (compare with Figure [3l[b)). The event on which we condition 
should prevent the above kind of white cluster, by having a black cluster from 
exactly Iq (a single hexagon, say) to the interval (— oo.Xq). 

In fact the discrete lattice introduced a microscopic length scale S, the size 
of the single hexagon. This suggests that a naive equivalent in the continuum 
description is to require crossing from {~oo,Xq) to (Yq^^Y^), where Yq* ~ Yq 
with Yf^ — Fq" = S. This is a crossing event a la Cardy, and in the limit 
(5 ~> one brings two of the "corners" of the conformal quadrilateral together. 
Conditioning SLEg on Cardy's crossing event is in fact easily done: the SLE 
variant!^ will have partition function given by Cardy's formula, Z{x, y_, y+) — 
P [crossing] = -F'( ^~~^ ), where 



Girsanov's formula gives the drift of the driving process under the conditioned 
measure, k ^ log Z(x, ?;+) and in the limit y-,y+ y it tends to i-e. 
the conditioned process indeed tends to SLE6(— 2). 

4.4.3 Local martingales for SLE6(— 2) 

For the module of local martingales Ker Ak=6;p=-2 we can already quote many 
results from Section [Ql The partition function Zp=^2 — {x ~ y)^^^^ generates 
a highest weight module with /i = and it has a nonzero singular vector at 
grade 1. The singular is in fact the partition function for the choice p = 4, 
L^iZp=^2 = —^Zp^4, where Zp=4 = (a; — yY^^ . The operator Ap=^2 — ^p=4 
is the same for the two processes, while the local martingales of the two differ 
by a factor Zp=4/Zp=_2 — [x — y) (recall that what we abusively called the 
space of local martingales consists of functions that should still be divided by 
the partition function to obtain actual local martingales). It is now immediate 
that Ap^-2 Zp=-2 = ^p=-2 Zp=4 = 0. Observe also that the formulas for L„ 
are the same for these two SLE6(p) processes. 

^^In fact it is very natural to allow multiple SLEs in this context |BBK05) . 
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Figure 6: The variant SLEq{—2) can be obtained by conditioning on a crossing 
event from a tiny interval around Yq to {—oo,Xo). The picture clearly suggests 
that we 're bringing two Cardy 's color changing boundary fields ip together at this 
point. The conditioning picks the component h — 1/3 instead of h ~ from the 
fusion of two fields at Yq . 



We complete the analysis of Section [SH] in this degenerate case at k = 6. To 
determine completely the structure of the highest weight representation ■^p=-2 
we compute 

(i-l - ^p=-2 = 

which confirms that U Zp^^i = Qi,2- Without further computations one con- 
cludes the irreducibility oiU Zp^,^ = Ch=i, although one can also check directly 
the existence of null vectors at levels 4 and 6. 

The logarithmic partner to L_iZp=_2 is A, and we have computed 

(Lo - 1) A = L_i Zp=^2 and Li A = -izp=_2 ■ 

The latter already says that the invariant takes the same value as in the corre- 
sponding fusion, (3 = —1/2, although we still haven't got enough information to 
decide the structure of the right module. By a computer assisted computation 
one obtains the numbers of linearly independent local martingales by grade, 

fc>0 

= 1 + 2g + + V + + 8(?^ + 129^ + 17q^ + • • • , 

in agreement with the character of the module S. Noting the graded dimensions 
of the left highest weight module U Zp^-2 (which can be computed directly, but 
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Figure 7: (a) The local martingales for SLEe{~'2) contain a staggered module S* 
contragredient to the fusion Qi^2 ^ Ch=i/3 = S. (b) A very similar staggered 
module of local martingales is found for the SLE variants of Section \4-5\ The 
existence of such a module in the conformal field theory of percolation has been 
argued to be impossible. 



also follows from the earlier verification of Z-/Zp=_2 Qi,2) 

k>0 

^l + lq+lq^ + 2q^ + iq^ + V + + + • • • 
we deduce the graded dimension of the quotient iU A)/{U Zp=_2) 

E i^k A + ^k+i Zp=-2) - dim U-^, Zp=^2) q" 

k>0 

= l + q + 2q^ +3q^ + Aq^ + + + • • • 
= p(0) + pil)q + p{1)q^ + p{?,)q^ + (p(4) - p{0))q^ 
+ (p(5)-p(l))9' + (p(6)-p(2))g6 + --- . 

This confirms that the quotient is isomorphic to Qi,4: at grade 4 there is a null 
vector whereas at grade 6 there is a non-zero singular vector (corresponding to 
a sub-singular vector at grade 7 of the staggered module U A) . 

Above, we have effectively shown that UA C Ker A^^Q.p^^2 is isomor- 
phic to the result of the fusion Qi^2 ^ ^h=i/3- This is not exactly what 
we claimed, as we have not yet taken contragredients. But just like in Sec- 
tion I3.5[ elementary means allow to check that the module is contragredient 
to itself. A small difference is that we must now show that US,* has a null 
vector at grade 2, which however follows rather directly from graded dimen- 
sions. Indeed, we know that US,* and Urj* /U^* ^ire highest weight modules 
of highest weights and 1 respectively, so the inequality 2 = dim (JJA)^2] ^ 
dim {lAri* /US*)[2\ + dim {US*)[2\ = 1 + dim {}AS*)[2\ leaves no other possibility 
but to have a null vector (i^i — |L_2)^* = (the grade one singular L-i^* 
is non-zero by earlier analysis). Similarly, graded dimensions also imply that 
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Urf jlAi^* must have a null vector at grade 4. The last remaining check of non- 
zero singular vector at grade 6 can be done mechanicalljQ We then conclude 
that the contragredient to the appropriate fusion product has been realized as 
local martingales again, 



4.5 On the question of existence of Q2,i 

In |MR07) it is argued that a consistent chiral CFT with c = can't con- 
tain both Qi^2 (the Cardy's field) and Q2,i- The question of whether Q2,i is 
present in percolation CFT has nevertheless been subject to some discussion, as 
for example building modular invariant partition function seems to require the 
character of Q2,i |Flo) . The percolation literature also contains some references 
to fields of dimension h = /i2,i = |, e.g. [CZMj. In the SLE context a natural 
way for Q2,i to appear would be through Duplantier duality k ^ ^ = k*, see 
IDupQOj IZhaOSa) IZhaOSbl IDubOTb) . although this doesn't directly give an inter- 
pretation of it as a boundary condition changing field for percolation, either. 
Below we will outline a possible way to gain some understanding of this question 
from the point of view of the local martingales of SLE variants involving both 
K = 6 and the dual value k* = | . 

4.5.1 The conflicting module 

The inconsistency of adding Q2,i to the theory ultimately boils down to the 
observation that it would lead, through fusions, to the existence of staggered 
modules with logarithmic couplings different from what is produced by the fu- 
sions generated by Qi,2 alone. This is argued to contradict requirements of 
chiral conformal field theory |MR08| . From SLE point of view perhaps the sim- 
plest such confiicting module arises in the fusion Qi^2 Q2,i ^ Q2,i- From 
the computations in |MR08) and associativity of fusion product one finds that 
this fusion contains a staggered module S characterized by the exact sequence 
Qi,2 S ^ Q3.2 and logarithic coupling (3 — 1/3, i.e. LiT] = 
The structure of this staggered module is very similar to that ofjS in Section 
14.41 see Figure [71 but the logarithmic couplings are different (3 ^ (3. 

i^For completeness we indicate one way of checking this last property. The singular vector at 
grade 6 of the Verma module V^^i takes the form X3,2 f h=i , where the formula for X3,2 G 
was given in Section We note a peculiarity of c = 0, h = 0, which allows us to write any 
U £ Um for m > 2 as U = C/'xi,i -I- U"xi,2, where xi,i = ^-1 and xi,2 = L'^i — §^-2 are 
singulars. Therefore any grade 7 vector in US,* annihilates X3.2A, as one has for any U £ 



(the latter term is zero by consideration of grades while the first is zero because X3,2 is singular 
and Xi,i5* generates a highest weight module of weight h = 1). To conclude that there is 
a non-zero singular vector at grade 6 in the highest weight module Ur)* /U^* it is therefore 
enough to show that X3,2'7* has a non-zero value on X3,2A. With the aid of a computer we 
indeed straightforwardly compute 



(Qi,2 H Ch=i/3y=UA c KeiAp-. 



(C/r,X3,2A) = (x^(C/'xi,i + C/"xi,2)r,A) = (0, A) = 



(X3,2'7*,X3,2A) =(X3,2X3,2'?*, A) = ( 



17248000 



17248000 



./3)L_ir,A) 



21560000 



7^0 . 



243 



81 



243 
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There are several possibile SLEe variants that reflect the fusion Qi^2 ^ Q2,i I 
Q2,i, for examplj^ SLEk=6(pi = ^3,p2 = —3) with partition function 

^ {yi y2f'^ 

This is a highest weight vector of Lq eigenvalue 1 = h^^2 = ^1,4 • 
In Ker j4^^g.p^(_3 _3) we flnd also another highest weight vector 

p ^ yi + y2-2x 



which could serve as a partition function of an SLE variant as well. The highest 
weight is = hi^i = hi ^2 and the level 1 singular vector is non- vanishing and 
in fact proportional to the above partition function L_i F ~ ^ ^^=(-3.-3)- We 

have {L'^i — §^-2) F = so that U F = Qi,2- Since we're looking for S* , the 
task now is to flnd the logarithmic partner A of Zp^(_3 _3). 

We note that F and Zp^(_3 _3) are annihilated by ^K=6;p=(-3,-3), as they 
should. But moreover they satisfy constraints of the null vectors in Q2,i: they 
are annihilated also by the generators ^i'^;^,8/3.p=(2 -4/3) (J — li^) of SLEg/3 
variants started from yi and y2 with the same partition function. Also the 
logarithmic partner becomes determined (up to the usual freedom in the choice 
of ri) if we require that it is in Ker ^k=6;p=(-3,-3) ^ Ker ^^-^8/3.^^(2 -4/3) 
(either one of j equals 1 or 2 is enough, the other then follows). We can choose 

. ^ 2x{yi+y2- 2x) + 3{yi - ^2)^ log(yi - 2/2) 
6(x-yi)i/2 (^,^^2)1/2 (y^„y2)5/4 

This choice satisfles the normalization {Lq — 1) A = F and the logarithmic 
coupHng is = I as follows from LiA — ^F. 

It turned out to be computationally sHghtly too demanding to verify that 
the quotient {U A) / {U F) possesses a non zero singular vector at level 4 and 
a null vector at level 6. But accepting that, one would conclude that U A is 
isomorphic to the contragredient of the staggered module S which appears in 
the fusion Qi,2 ^ Q24 ^ Q2,i- 



4.5.2 Interpreting the variants in percolation 

Some experts of the conformal fleld theory approach to percolation have found 
the above discussion of the conflicting module through multiple SLEs confusing. 
What we have shown so far is that there are multiple SLE variants involving SLE 
type curves with botlQ k = 6 and k = | whose local martingales contain the 
staggered module S (one can choose as partition function any linear combination 
of F and Zk=6:p=(-3.-3)) — and nothing yet about its relation to percolation. 

^'The local martingales of the different choices differ by a factor that is a ratio of partition 
functions, the structure of the module of local martingales doesn't depend on this choice. As 
we now have two passive points yi,y2, one for each module Q2,i, we need SLE variants slightly 
more general than in previous sections. The interested reader will find details in |Kyt07| . 

^^These values of k are the only ones consistent with c = 0. Also in general, the only 
consistent possibilities for multiple SLEs are such that only the two dual values k or k* = ^ 
are used for different curves, see [DubOTal iGraOTl |Kyt07] . 
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Now in order to be specific, we will present a definite conjecture that would 
relate the above multiple SLE variant with partition function F to a reasonable 
question about triangular lattice site percolation. Of course in doing so we risk 
being incorrect at several places — more careful research may then either clarify 
and correct the claims made, or show them altogether wrong. 

We start with comments on the roles on boundary conditions of Qi^2 and 
Q2,i- The interpretation of Qi^2 (Cardy's field) has become quite clear by 
now: it corresponds to the starting of an exploration path from boundary point 
at which the boundary colors change. If we were to choose the variant with 
partition function F, the field at infinity would also have this weight h = hi^2 = 
0. To interpret Q2.1 we turn to a duality for conformally invariant random 
fractals that was observed by Duplantier [DupOO . Precise proofs in the SLE 
context have been given in |Zha08a[ IZhaOSbl IDubOTbj . and they relate SLE^ 
to SLE„. , where k* — Roughly speaking the relation is that for k > 4, 
the boundary of the region surrounded by SLE„ trace looks locally Hke SLE^* . 
Therefore, since h2s{i^) = ^i,2(k*) is the conformal weight of the operator at 
the starting point of SLE„* , the boundary changing fields Q2,i may correspond 
to points at which an external perimeter (this should be the correct percolation 
analogue of the boundary of the region surrounded by the exploration path 
|ADA99 ]) of a percolation cluster reaches the boundary. 

Guided by the above discussion let us imagine the following situation in 
triangular lattice site percolation in = Hn JT. The boundary hexagons are 
chosen black on (—00, x^) U (j/i , and white on {x^ , y\) U (j/2, oo), where x^ < 
ui < yi- We can define the external perimeter of the white cluster (for example) 
as the simple lattice path on white hexagons that starts from [x^ , yf ) and ends 
on (2/2,00) and surrounds the minimal number of hexagons (so it follows as 
closely as possible the finite black cluster, but due to the requirements that it 
is simple and uses only white sites, it can't enter the fjords). Now condition on 
the event that this external perimeter starts precisely at the hexagon on the left 
of yf and ends precisely at the hexagon on the right of • 

In the above situation one can start tracing three random curves from the 
boundary: the exploration path from x^ , or the external perimeter from either 
of its two ends or Now there are two important questions: does the joint 
law of these curves have a scaling limit as (5 \ and (a;'', y^, 7/2) ~* (2^7 2/1, 2/2), 
and if it does, is it conformally invariant. Supposing the answer to both is 
affirmative, one would expect the exploration path still to look locally like an 
SLEk=6, while a segment from either end of the external perimeter should look 
like SLE^^g/s. Furthermore, the curves are to be built on the same probability 
space, so multiple SLEs |BBK05| IGraOTj (or a commuting SLE in the termi- 
nology of (DubOTaj) seem like plausible candidates for the joint law. There are 
two Hnearly independent possibilities for partition functions of such variants of 
multiple SLEs: ^k=6;p=(-3,-3) and F. The asymptotics of these as |j/2 — yi| ^ 
are different. By methods similar to [BBKOSj one can then argue that only F 
corresponds to a growth process in which the k* = | curves from yi and 2/2 
will meet, as they should if they are the two ends of the external perimeter of a 
black cluster that doesn't reach to infinity. 

To summarize, the conjecture is that if we condition percolation on the event 
that the external perimeter of a black cluster attached to (2/1,2/2) extends pre- 
cisely from 2/1 to 2/2, then the scaling limit of the three curves is the multiple SLE 
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with partition function F. Although there are situations where discrete inter- 
faces have been proved to have scaUng Hmit described by SLE curves, the present 
conjecture (even if correct) is probably too complicated for rigorous methods. It 
would nevertheless be very interesting to gain any probabiHstic understanding 
of the case, and to better understand the relation to the inconsistency argument 
that would ban S from the conformal field theory of percolation. 

4.6 On the operator content of percolation 

Above we considered the simplest but arguably the most fundamental fusions 
in the conformal field theory of percolation along the lines of the recent study 
|MR07) . For each of these cases, an SLE variant with a clear interpretation in 
terms of percolation was found, and local martingales of that variant coincided 
with the contragredient of the fusion product. This can be thought of as a 
confirmation of the results, and as a direct link from the discrete percolation 
model to the operator content question. However, we also presented a conjecture 
that some situations in percolation are described by the multiple SLEs whose 
module of local martingales has a structure conflicting consistent chiral CFT. 

We remark that in the quest for better understanding the conformal fleld the- 
ory of percolation there are still issues to be solved, notably modular invariance 
poses a challenge in logarithmic conformal field theories [FGST06| IFG06| IFloj . 
Whether the present approach will be useful to resolve these or other questions 
remains to be seen, but the present note nevertheless seems to provide a new 
perspective to the topic. 

5 Discussion and conclusions 

In this note we studied the local martingales of the SLE„ growth processes. 
The space of local martingales forms a Virasoro module, whose structure we 
examined in several cases. We were particularly interested in a phenomenon 
encountered in logarithmic conformal field theory, namely non-diagonalizability 
of Lq. It was observed that this takes place in natural SLE variants, and at 
all values of k > and therefore at all central charge c < 1. As a byproduct, 
we obtained values of logarithmic couplings (invariants of the representations) 
by easy calculations. These values generalized conjectured infinite series of 
logarithmic couplings for logarithmic M(2,p) minimal models. The calculations 
in our case were rather harmless, so there is a prospect that similar methods 
might provide easy access to the more general conjectures made in |MR08| . 

In all the considered close relation between the local martingales and 

the fusion product of boundary condition changing fields was found (the fusion 
products have been computed in the CFT literature |Gab94t[GK96tlEF06t[RS07l 
IRP07I [MROTl IMROSI ). The contragredient of the fusion product module could 
be realized as local martingales. We conjecture that this will hold in general, 
i.e. for any SLE variant. In fact the local martingale condition is closely related 
to a null descendant of one of the boundary fields — for fusions of several fields 
with null descendant, appropriate intersections of modules should be taken, as 
we illustrated with an example of double SLE. It would be interesting to see 
if the relationship may lend to alternative definitions of fusion, or at least to 
efficient computational methods to study fusions. 
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We considered in some detail the case k — 6, for which SLE describes the 
scaUng limit of critical percolation exploration path. We compared the results to 
the recent computations of fusion algebra of percolation |MR07[ IRP07| IEF06| 
IRS07| . and found agreement in the above mentioned sense. In the cases of 
the most fundamental fusions, we exhibited probabilistic interpretations of the 
SLE variants used. For example, logarithms first arise in a SLE variant that is 
obtained by conditioning on a crossing event. We also exhibited SLE variants 
whose local martingales form a staggered module whose existence in the CFT of 
percolation has previously been argued impossible, and discussed whether this 
variant could nevertheless describe some situations in percolation. 

The main philosophical message of the note is the relation of SLEs to log- 
arithmic conformal field theories. Indications of this sort of relation have been 
observed in different ways in [SAPROOt ICS08) . and in fact it has been sug- 
gested that the CFT description of non-local questions (such as those of the 
SLE curve) must typically be logarithmic. It is reassuring that the different ap- 
proaches point to a similar conclusion, and having these different perspectives 
should be useful when the relation of SLE and LCFT will be better studied in 
the future. 
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